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Abstract 

We derive conformal blocks in an inverse spacetime dimension expansion. In this large 
D limit, the blocks are naturally written in terms of a new combination of conformal 
cross-ratios. We comment on the implications for the conformal bootstrap at large D. 



1 Introduction and Review 



Conformal Field Theories (CFTs) are important for many reasons: well-defined Poincare in- 
variant Quantum Field Theories can be viewed as renormalization group (RG) flows between 
conformal fixed points, numerous condensed matter systems are described by CFTs, and via 
the AdS/CFT correspondence [IH3], quantum gravity can also be approached as the study of 
CFTs. Much is known about many classes of CFTs, especially weakly coupled CFTs, super- 
symmetric CFTs, 2D CFTs, and large N CFTs. However, relatively little is known about the 
full space of unitary CFTs [I] . In particular, although the super conformal algebra exists only 
in D < 6 spacetime dimensions [5J E] and we have examples of CFTs up to D = 6, we do not 
know if non-triviaQ unitary CFTs exist in D > 6 dimensions. 

The purpose of this paper is to begin to study CFT in larger D by analyzing the confor- 
mal blocks and the conformal bootstrap [7J |8] , using l/D as an expansion parameter rj As 



reviewed in section 1.1 the conformal bootstrap depends only on the principles of confor- 
mal symmetry and unitarity, so it provides very general constraints on CFTs. Indeed, it has 
been demonstrated in a series of recent numerical studies [15H26"] that the bootstrap places 
extremely interesting constraints on CFTs in D > 2. One might hope that if non-trivial CFTs 
are prohibited in certain circumstances, such as at large D, then this may also be proven using 
the bootstrap. 

The conformal blocks [7J [2THS5] are the fundamental ingredients needed for the bootstrap. 
They are atomic contributions to CFT four-point functions, corresponding to the exchange of 
a single irreducible representation of the conformal group between two pairs of CFT operators. 
In general they are fairly complicated functions that can be understood and computed as 
eigenfunctions of the quadratic Casimir operator of the conformal group [32]. In this paper 
we will present a new pair of variables such that the conformal Casimir differential operator 
becomes separable at large D. At leading order in l/D, the conformal blocks can then be 
written in closed form in terms of these variables. 

Using these leading order large D conformal blocks and recent analytic methods from [361 - 
38J, one might hope to derive powerful analytic constraints on large D CFTs. We will give 
some initial arguments along these lines, where one can see that anomalous dimensions must 
vanish in the strict D = oo limit. On the other hand, the best finite D constraints from 
the bootstrap that we have found so far already follow from the large spin results of [371 138] . 
combined with an expansion of the conformal blocks from [33]. These results confirm, but do 
not extend beyond, expectations from effective field theory at large D, although it is interesting 
that they can be derived for general CFTs. 

We will be interested only in unitary CFTs, and this puts /^-dependent restrictions on 
operator dimensions. Specifically, in order to have positive-norm states we require 

A > y-1 for £ = 0, (1) 
A > D — 2 + £ for £ > 0, (2) 



1 Free theories are an example of trivial CFTs. We will also view 'mean field theories' or 'generalized free 
theories', namely CFTs whose correlators are directly determined by two-point functions, as trivial CFTs, 
although these theories do not have an energy-momentum tensor. 

2 Some other examples of a l/D expansion include [9HT4]. 
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so we must take all operator dimensions A oc D in the large D limit. Thus, when we expand 
in 1/D we cannot neglect terms of order A/D. When we compute the conformal blocks we 
will also keep terms of order £/D, capturing both the regime i <C D and i oc D. 

As a guide for what to expect, let us consider the behavior of effective field theories (EFTs) 
in large D, both in the CFT spacetime and also in a dual AdS description. In EFT in D 
dimensions any massless bosonic field <fi should have an action of the schematic form 



Scft = I d X 



(<90) 2 + -^0 3 + 
At- 3 



(3) 



S Ad s = I d D+1 X^~g 



(4) 



where the elipsis indicates higher order terms. We immediately see that perturbative EFTs 
at large D must flow to a free fixed point in the IR. At low-energies near this fixed point, 
the interactions will be exponentially small in D, since they will be roughly proportional to a 
power of (E/A) D . We can attempt to find more interesting CFTs by studying EFT in AdS 
space for a bulk field $ coupled to gravity, with an action 

1 

A 1 . 

By using the AdS/CFT dictionary we can use this action to obtain approximate CFT cor- 
relators that describe the low scaling-dimension spectrum of the CFT j39HHj. This greatly 
increases the space of possibilities that we can consider for the CFT correlators. However, 
in this case the CFT will again be nearly Gaussian, in the sense that all its correlators are 
determined by two-point functions up to corrections that are exponentially small in D. In par- 
ticular, this means that all anomalous dimensions and corrections to OPE coefficients for the 
low-dimension operators in the CFT will be exponentially small in D in the regime where the 
EFT description makes sense. Not all CFTs are known to have local Lagrangian descriptions, 
so while the previous arguments may provide strong expectations for the structure of CFTs 
at large D, they are necessarily limited in their applicability. Analysis based on the confor- 
mal bootstrap is more robust. We will be able to argue using the bootstrap that anomalous 
dimensions at large spin are necessarily exponentially suppressed, a result following from the 
analysis of [37J EH] ■ 

The outline of this note is as follows. In the next section we will briefly review the conformal 
bootstrap. Then in section [2] we will derive expressions for the conformal blocks in the large D 
limit. We begin with scalar conformal blocks in order to motivate a new set of variables, then 
we use the conformal Casimir differential equation to compute more general blocks. In section 
[3] we compare these blocks to their finite D counterparts and make some relevant observations 
about their analytic structure. Finally, we discuss some implications in the context of the 
bootstrap and mention some possibilities for future work. 



1.1 Brief Bootstrap Review 

In CFTs, the bootstrap condition follows from the constraints of conformal invariance combined 
with the operator product expansion (OPE), which says that a product of local operators is 
equivalent to a sum 

0(x)0(O) = ^A C£(x, d)Oj(0). (5) 
o 
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Conformal symmetry relates the coefficients of all operators in the same irreducible conformal 
multiplet, and this allows one to reduce the sum above to a sum over different irreducible 
multiplets. Each of these multiplets is labeled by a lowest-weight (i.e., "primary") operator, 
which is annihilated by the special conformal generator. When this expansion is performed 
inside of a four-point function, the contribution of each block is just a constant "conformal 
block coefficient" Pq oc \ 2 for the entire multiplet times a function of the Xj's whose functional 
form depends only on the spin Iq and dimension Ao of the primary operator: 

yx 12 x u ) f 

where x^ = Xi — Xj, and 

■ Z '13 J '24/ \ J '13 J '24/ 

are the conformally invariant cross-ratios. The functions e (u,v) are usually referred to 
as conformal blocks or conformal partial waves [3, [27H35] , and they are crucial elementary 
ingredients in the bootstrap program. 

In the above, we took the OPE of <f>(xi)<p(x2) and ^(x^^lx^) inside the four-point func- 
tion, but one can also take the OPE in the additional "channels" <f)(xi)(j)(xs) and (f>(x2)4>(x4) 
or <p(xi)<j)(x^) and <p(x2)4>(x 3 ). The bootstrap equation is then the condition that the decom- 
positions in different channels agree: 

7^j^^ P oGZe M = l^^P oG g (8) 

\X 12 X U ) f ^ l x 14 x 23/ 1 q 

Much of the power of this constraint follows from the fact that by unitarity, the conformal 
block coefficients Pq must all be non-negative in each of these channels, because the Pq can 
be taken to be the squares of real OPE coefficients. 



2 Conformal Blocks at Large Spacetime Dimension 

In this section we will compute expressions for the conformal blocks in the limit that the 
spacetime dimension D is large. First we will compute the scalar blocks as a suggestive warm- 
up; this can be done by taking the large D limit of an expansion of the scalar block in a 
double power series which holds for all D. Then we will generalize these blocks to arbitrary 
intermediate spin by studying the large D limit of the conformal Casimir differential equation. 
For this purpose we will transform to a new set of variables 

_ u 

(1 ± y/v) 2 

suggested by our first result for the scalar blocks. We find that in terms of these variables, 
the Casimir differential equation separates at large D and can be explicitly solved in terms of 
2-F1 hypergeometric functions. In the last subsection we make some observations about these 
results and provide some tests of their validity. 
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2.1 Scalar Block Warm-Up 

To begin, we will make use of the double power series expansion for the scalar conformal blocks 
in any number of spacetime dimensions 



m ^ (A + 1 - f )n(A) 2n+m n! m! 
where u and t> are the conformal cross-ratios. This can be summed exactly in m to give 



<0».»> - E (ATI - f)„(A),, - fi ( 2 + "■ 2 + A + 2 " ! 1 - ") — ■ <"> 

Now let us try to understand the large D, A limit of these scalar blocks. First, note that a 
hypergeometric function 2-^1(0, a; 2a; x) can be approximated at large a as: 

T(a) 2 \ „. , /- 1 dt ft(l-t) 

TW)) 2Fl[a ' a;2a;x) = /„_i(T=t) ("biF 

7T 1 

This saddle point approximation was discussed more extensively in Appendix A of 
Inserting this approximation, we would like to do the sum 



a ' o( ' ' ^ " 1/4 r(f )> h (A + 1 - f )„ ^ «! ' (13) 



in the large .D, A limit. In this limit one can approximate 

1 T(z + a) 



J~z T(z + a+\) 
for any aCz, where z — n+ — ^> 1. Taking a = —1/2, this gives 

G (i» ftl ^ ~ /^ + ^r(A)^ (f)* r(n + f-i/ 2 ),| + " 



(14) 



' 1/4 r(f) 2 ^(A + i-f). r(n + f) 



n! 



- ^i^^^A-f +1,*), (15) 

where y + = ( - 1+ ^ 2 . This approximation should be very good in the limit where A oc D — > 00, 
as is required by unitarity. 

One can go on to study blocks with spin £ > by using recursion relations that relate blocks 
of different spins [33]. This leads to the result that for f CD, higher spin blocks are related 
to lower spin blocks by multiplication with 1/y-, where y_ = , 1 _^ 2 . Instead of performing 
this analysis, let us move on to study the conformal Casimiar differential equation, which will 
allow for a general solution for any A and i. 
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2.2 Solving the Conformal Casimir Differential Equation 

Conformal blocks are solutions of the conformal Casimir differential equation in two variables 
|32j . This equation is usually written in terms of the conformal cross-ratios u and v or the 
variables z and z, defined by zz = u and (1 — z)(l — z) = v. We will write the Casimir 
differential equation in terms of the new set of variables y + = ( . 1+ ^ 2 and y_ = jrzh^p. > which 
have some similarity to the variables recently employed by [12] • We saw above that y + arises 
naturally in the case of the large D scalar conformal block. 
The differential equation takes the form 

'D^a'} = ^A/^a^, (16) 

where the conformal Casimir eigenvalue is given by C^ £ = A(A — D) + £(£ + D — 2). In terms 
of y±, the differential operator V is: 

V = V y+ + V y _ + (4(1 - y + )d y+ -y 2 _(l- yJ)d y _) (17) 

y+ — v- 

with 

V y = 2y\\ - y)d 2 y -y(y + D- 2)d y . (18) 

The T> y operators are generically of order D 2 when acting on conformal blocks. The advantage 
of these variables is that the mixed term in the full differential operator T> is only of order 
D, and therefore is subleading in the large D limit. This approximation breaks down when 
y + — y_ < j)] this is the region where the conformal cross-ratio v < The region where 
'« < 1 played a crucial role in the analysis of [37], and it will also be important for us later on 
when we discuss the bootstrap. 

Writing G ®\ = , l _ H^j , we find the simpler differential equation 



Vv--y-+ 



H { A D J = l(Cl £ -D + l)Hi D l (19) 
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Let us assume that we can neglect the third (mixed) term on the left hand side in the large D 
limit, which holds when v ^> Then we can find a separable solution: 

HfJ = A±{y + )A^{yJ), (20) 

where 

V y A A (y) = l(A)(A -D)A A (y), (21) 

T>vAx-i{v) = \(Z-l){l + D-l)A x ^{y). (22) 
These have the solutions: 

A A (y) = y A / 2 2 F 1 (^,|' A "f + 1;2/ )' (23) 

Ax-tiv) = y^\F 1 (- £ - 1 1 -^ 1 -l-^ + 2 ] y\. (24) 



5 



There is also the issue of boundary conditions: the behavior of the conformal blocks is 
constrained by the OPE at u — » and v — > 1 with tt <C (1 — v ) 2 to be 

^- <<:1 2^fV /2 , (25) 

where we have used the fact that the limit ?/ + C i/_ C 1 corresponds to « < (1 - f) 2 C 1. 
Our solution can easily be seen to satisfy this condition. This also fixes our normalization 
convention for the blocks. At small £, one can verify that the I dependence is consistent with 
the recursion relations of [33] relating different values of i. Thus, 

= -l^=A A (y + )A 1 „ e (y_) (26) 
yU- — y+ 

is the correct block in the limit of large D. 

The OPE limit is in fact slightly more general than we considered above, and elucidates 
the appearance of the A(y) functions. More generally, the OPE limit requires only z,z C 1 
but with z/z arbitrary, or equivalently u ~ and v ~ 1 but with arbitrary. Writing 

z = re i9 ,z = re~ 10 , it is natural to parameterize this free direction by the angular variable 
a 2 = cos 2 9 « — . So, the OPE limit is enough to control the blocks at y + <C 1 for any y_. In 

[33], it was shown that the dependence on a 2 in the OPE limit is given, as one might expect, 

( °- 2 ) 

by a Gegenbauer polynomial C e 2 (a): 

G ( £} ~ u^cf^\a) oc yly-jA^y-), (27) 

where we have taken y + 1 and neglected constant coefficients. In other words, in the OPE 
limit, y + is a radial variable, y_ is an angular variable, and the Ai_i(y) function arises because 
the dependence on y_ is determined for generic values and is just a Gegenbauer polynomial. 

3 Observations and Implications 

Let us begin by providing some tests of these blocks. First we will compare them to known 
examples in low D. Then we will show (numerically) that the blocks satisfy the bootstrap 
equation when we use mean field theory OPE coefficients, which are known in general D |43j . 
Finally, we will comment on the behavior of the blocks in the 'eikonal' limit recently studied in 
|37j . where m C u C 1. We will see that once the limit D — > oo is taken, the conformal blocks 
no longer contain logv singularities at small v, shown in [361438] to be related to perturbative 
anomalous dimensions at large spin. However, as we will discuss, this is an artifact of taking 
the large D limit before the small u, v limit. Finally, we discuss some other implications and 
possibilities for future work. 

3.1 Observations 

It is very straightforward to make a numerical comparison between our large D blocks and 
known formulas at finite D. Some direct comparisions are shown in figure [TJ The large D 
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Figure 1: Comparison of the absolute value of the exact conformal blocks in D = 4 

(black, dashed line) with the large D approximation formula evaluated at D = 4 (red, 
solid line). Plots are shown as a function of the cross-ratio u at fixed values of v. One can 
generate similar plots and find what appears to be excellent agreement even when D = 2. 



blocks appear to agree surprisingly well even for D = 4, and in particular one can see that the 
non-trivial features are reproduced very precisely. Generating similar plots comparing the large 
D blocks to the exact blocks at D = 2 shows similarly impressive and surprising agreement. 
This suggests that our simple large D blocks might provide a useful approximation for further 
bootstrap studies. 

As a more serious test, we can study the behavior of sums of blocks multiplied by conformal 
block coefficients. In [43] the conformal block coefficients for mean field theory (or 'generalized 
free theory', where all correlators follow from (0(x)0(O)) = x _2A< *) were determined for general 
D, they are 



[1 + (-1)1 (A,-fc + l)*(A^ 



£\n\(£ + h) n (2A^ + n-2h+ l) n (2A + 2n + £ - 1) { (2A^ + n + £ - h) n 



(2* 



for external scalar operators with dimensions A^, where h = D/2. Using these coefficients we 
can construct the crossing function 



F(u, v) = J2 P ^ ~^t> a, — » (29) 



where all A = 2A^, + 2n + £ in the sum. In this language, the conformal bootstrap reduces 
to the equation F(u,v) = 1. Usually we use this equation to test if a certain choice of CFT 
spectrum and conformal block coefficients satisfies the constraint of crossing symmetry. 



However, in this context we can use our knowledge of the coefficients from equation (28) 



to test the behavior of the large D conformal blocks and compare them to the exact blocks. 
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1 1 , 

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 

z z 



Figure 2: These plots show partial sums of the absolute value of the bootstrap crossing function 
F(z, z) with the mean field theory conformal block coefficients from equation (28), comparing 
the exact 4D conformal blocks (black, dashed line) with the large D conformal blocks evaluated 
at D = 4 (red, solid line), as a function of z with z = 0.3. In the plots on the left (right) we 
have A e = 6.2(2.2). The plots on the top have partials sums up to a maximum n max = 10 
and £ max = 14. The plots on the bottom have n max and £ max large enough that the sums have 
numerically converged over the values plotted, so F(z, z) = 1 everywhere for the exact 4D 
conformal blocks. In all cases we see extremely good agreement considering that here the large 
D blocks neglect terms formally of 0(1/4). 



A few examples in D = 4 are shown numerically in figure [2] Although the agreement is not 
perfect, it again appears to be surprisingly good considering that the expansion is in 1/4. Note 
that agreement is not as good near z = and z = 1 so that u or v are near 0. This should 
be expected beause we ignored terms in the conformal Casimir differential equation that grow 
large in this limit, as can be seen in equation ( 19 ). As we will discuss further below, this region 
is associated with conformal blocks of large spin, and can be studied analytically. 



3.2 Implications and Discussion 

Above, we have computed the asymptotic behavior of the conformal blocks in a large D 
approximation. We have seen that they provide a good numerical approximation to the exact 
conformal blocks even at D — 4, and that at large D the partial sums of these blocks appear 
to converge in mean field theory. We would like to go further and use the bootstrap to say 
something non-perturbative about the existence of CFTs at large D. Here we will be able to 
recover the expectations from effective field theory in a new way, but unfortunately we have 
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not yet found a way to make a more powerful statement. 

In the strict D — > oo limit one might argue that operators with large angular momentum 
cannot have anomalous dimensions, invoking the results of J37J EH] (see also |44j). To be 
precise, consider the OPE of any two scalar operators 

Ox(x)O 2 (0) = J2Ci(x,d)Oi/0) (30) 
o 

We will first study the case where we take the D — > oo limit first, before any other limits. 
It was proved in [37J [38] that at large £ there must exist operators Oa,£ with dimension 
A = Ai + A 2 + In + £ + 7(n, £) for integers n and £, where 7(71, can be viewed as a small 
anomalous dimension at large £. The same analysis with our D — > 00 conformal blocks would 
imply that 7(71, £) — at large £, precluding these anomalous dimensions at large spin. In fact, 
a less naive analysis at finite D ^> 1 implies that 7(71, — >• at a rate of order £~ D as £ — > 00. 

These results follow from a study of the crossing relation organized as a sum over twists 
t = A — £ and spin £ instead of over dimension A and spin £ 

1 + J2 P r^ Gi r%M = 1 1 + > (31) 

in the limit u — > 0, as discussed in detail in [37J. In this limit the left-hand side is simply 1, 
while the right-hand side appears to vanish. In fact the infinite sum over £ in the conformal 
blocks on the RHS results in a u~ A< * factor as u — > 0, so that both sides agree. 

Reorganizing the bootstrap equation as a sum over r and £ instead of A and £ makes its 
structure at small u clearer. The subleading terms from the conformal block(s) with smallest 



t on the LHS of equation (31) behave as M T (alogf + b) when we first expand at small u and 
then subsequently expand the leading term at small v. The alogf term can only be matched 
on the RHS of the crossing relation by non-zero anomalous dimensions 7(71, £) in the large £ 
limit. In fact, we find that a = if we use our result from equation ( [26] ) and take D — > 00 
before we take the limit of small u,v. This would seem to imply that anomalous dimensions 
7(71, €) vanish at large £ when D — > 00. However, one must be more careful because making 
this argument requires probing the region u, v < 1/D 2 where our blocks are no longer a good 
approximation. 

More generally, one can use the general D expansion as u — > [33] 

G { T %{u, v) ~ u T '\l - tO Vi(r/2 + e, r/2 + £, r + 2£, 1 - v) (32) 

to see that a 7^ if we first take the limit of small u with D finite before taking the limit of 
large D. The various limits do not commute, and we must only take D — > 00 after taking the 
other limits in order to get the correct result. From J37J [Ml E] we have 

7(n,4 = £ + (33) 

at large £, where r is the minimum twist of the conformal blocks appearing on the LHS of 
equation (31). These leading twist operators are generically conserved currents J M or T^ u with 
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t = D — 2, or else they are scalars with r > D/2 — 1 due to the unitarity bound of equation 
([!]). So we see that the anomalous dimensions cannot fall off faster than ~ £~ D at large spin. 
The anomalous dimensions are forced to vanish identically only if we take the wrong order of 
limits and set D = oo from the beginning. 

This analysis has reproduced expectations from effective field theory in AdS as discussed 
in the introduction: we have re-discovered the fact that the anomalous dimensions are expo- 
nentially small as a function of D at large distances in AdS. A more nuanced analysis will be 
required to arrive at a definitive conclusion about the existence of CFTs in general dimensions. 
In the future it will be interesting to explore the large D bootstrap further, perhaps using a 
numerical approach. It will also be interesting to further investigate how the conformal blocks 
change with D, as there must be a great deal of physics hidden in the behavior of these func- 
tions. Perhaps the large D expansion, which seems to be a remarkably accurate approximation 
even for D = 4, may shed light on these issues even for conformal field theories in a small 
number of spacetime dimensions. 
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